THE EXTENSION OF INTERIORITY, WITH
SOME APPLICATIONS(Y)

BY
C. J. TITUS AND G. S. YOUNG

1. Introduction. In this paper, we are interested in studying the behavior
of a class of mappings on #-manifolds that we will call locally sense-preserv-
ing. The class is a subclass of the quasi-open maps, defined below. It includes
all simplicial light interior maps, and all differentiable maps with non-nega-
tive Jacobian for which the Jacobian has rank zero whenever it is zero on an
open set.

The sort of properties that we study can best be shown by listing several
theorems that are special cases or corollaries of some of our results.

THEOREM A. A light, locally sense-preserving map of an n-manifold into an
n-manifold is interior, has scattered point-inverses, and isﬁa local homeomorphism
on a dense open set. '

THEOREM B. Let f: E—E" be a continuous map of n-space into n-space
that is light and locally sense-preserving in both the open upper and lower half-
spaces determined by the hyperplane P, given by x,=0. Let the tmage of P, be a
hyperplane. Then a necessary and sufficient condition that f be light and interior
on all of E is that f| P, be light. ‘

This result is a topological form of a Schwarz Reflection Principle, and is
new even in E2 Its utility is shown by the next theorem, a topological form
of the classical Schwarz result.

THEOREM C. Let D be an open set in E?, and let A be an arc spanning D, such
that D — A = D,\JD,, disjoint open sets. Let f: D—E? be continuous and light
on D and interior in Dy and D,. Suppose that f(A) contains no open set. Then f is
interior and light in all of D.

Besides such results, we study in §6 topological results related to Cauchy’s
problem for elliptic equations and show that the well-known difficulties have
topological reasons. The results here are too complicated to state briefly, but
should apply, e.g., to function algebras.

2. Locally sense-preserving maps. A continuous function f: A—B is
quasi-open provided that for any image point ¢ and any open set U contain-
ing a compact component of f~!(¢), ¢ is in the interior of f(U) relative to B
[11, p. 110]. A light quasi-open mapping is open, that is, the image of any
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open set is open in B. If 4 is compact, the definition is equivalent to saying
that the light factor in the monotone-light factorization of f is open.

Let M and N be orientable n-manifolds. A mapping f: M—N is sense-
preserving at the point p of M provided that if K denotes the component of
f~U(f(p)) that contains p, then K is compact and there is an open set W con-
taining K such that if U is any open subset of W that contains K but that
has no point of f~1(f(p)) on its boundary, then the degree of fl U at p,
deg(f l U, p), is positive. The map f is locally sense-preserving if it is sense-
preserving at each point.

The reason for requiring W to be a neighborhood of K rather than of p
is the same as that for requiring (Bdry U)Nf~*(f(p)) to be empty: deg(f| U, x)
is defined only for points not in f(Bdry U). To require that deg(f | W, f(»))>0
is not sufficient. Some of W could be mapped negatively and some positively
onto f(p) so that deg( f] W, f($)) >0, but a smaller open set than W about
K might be mapped negatively.

The requirement that K be compact is the simplest way of avoiding the
difficulties that arise in the theory of degree for open sets with noncompact
closure. In our case, if K were not required to be compact, one could show
that every open set W containing K also contains open sets U about K such
that f~1(f(p))NBdry U is empty, but such that f(Bdry U) had p as a limit
point. Such open sets can be formed by having their boundaries approach K
asymptotically, and for such sets U, deg( fl U, f(p)) would not be defined.
Even if the requirement on U were changed to requiring that Cl[f(Bdry U)]
and f(p) were disjoint, it would still be true that many of the properties of
degree that we use in our proofs would not hold.

We now define a class © of mappings f: M—N, where M and N are fixed
orientable z-manifolds, by the following requirements.

(i) For each function f in @ there is a closed set C; such that f is sense-
preserving at each point of M —C;.

(ii) Each function f in € is constant on each component of the interior
of C/.

(iii) For each function f in Q, the set f(C;) is closed and nowhere dense in
N.

The class @ generalizes the class F considered by Titus in [8] and the
classes considered by both of us in [9].

THEOREM 1. Every function in Q is quasi-open. If f is in Q and p is a point
of Cy that lies in a compact component of f~(f(p)), then f is sense-preserving at p.

Proof. Let f be a function in @, ¢ be a point of N, K be a compact com-
ponent of f~1(q), and U” be an open set containing K. Then U’ contains an
open set U’ containing K and having a compact closure. The set K is still a
component of the set f~1(¢)\UBdry U’, so that there is a closed set X in U’
such that T’ —X is the union of two relatively open sets U and V, where U
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contains K and V contains Bdry U’ [7, Theorem 2-14, and normality]. The
set U is open in M and has a compact closure, and f~1(¢)N\Bdry U is empty,
using the fact that Bdry U is in U’. If ¢ is contained in Int f(U), it is con-
tained in Int f(U"), so that we need consider only such sets U in proving
quasi-openness.

A basic principle of the theory of degree is that if deg(f l U, ¢) is not zero,
then the entire component D of N—f(Bdry U) that contains ¢ is in f(U).
Since D is open in N, we will be through as soon as we can show that
deg(fl U, q) is positive. We show first that ¢ is a limit point of Int f(U). It is
well known, and easy to verify directly, that U contains an open set contain-
ing K that is the union of components of point-inverses. It is sufficient to let
E be an open set containing ¢, but such that ENf(Bdry U) is empty; the de-
sired open set is f~Y(E)N\U. From this fact and from properties (i) and (ii)
of the definition of Q it follows that every open set containing K contains an
open set V (not necessarily meeting K) such that, for some point x in V,
deg(fl V, f(x)) >0. It follows that Int f(V) is not empty, and hence that ¢
is a limit point of Int f(U). Then D meets Int f(U); since f(C;) is nowhere
dense, there is a point x in DNf(U) such that each component of f~!(x) is in
M — Cy. Each component of f~1(x) that lies in U has a neighborhood X in U
such that deg(f| X, x) >0. It is a standard argument in degree theory that
then deg(f| U, x)>0. But deg(fl U, x)=deg(f| U, ¢), which shows that f is
quasi-interior,

If K lies entirely in C;, the set W of the definition of sense preserving at
p, pin K, can be taken to be the set U defined above. It is easily verified that
the argument above can be used to show that f is sense-preserving at p.

The whole argument is similar to ones used in [8; 9; 15]. For additional
details, the reader is referred to these papers.

An instructive example in connection with Theorem 1 and with the diffi-
culties of extending our definition is the map f: E2—E? defined by mapping
each point (x, y) into the point with polar coordinates (r, 6) given by

o= 224 D24 x

r=y, 4(z* + 1)1,2

This maps the real axis into the origin, and the upper and lower half-planes
onto the region between two lines though the origin. It is locally sense-pre-
serving away from the real axis, but the only possible value for degree at the
origin would be 0.

Even if the set C; is empty, it is not possible to infer that there are any
totally disconnected point-inverses under the hypotheses of Theorem 1. R. D.
Anderson [1] has given an example of a sense-preserving open map of the
plane onto itself such that each point-inverse is a nondegenerate continuum.

THEOREM 2. Let f be in Q and let D be an open set in M — C; such that D is
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compact. Let q be a point of N—f(Bdry D). Then D contains only a finite num-
ber of components of f~1(q).

Proof. The union L of all components of f~!(q) lying in D is closed, and
therefore compact. Since D does not meet C;, each component K of f~1(g)
that lies in D has a neighborhood W, satisfying with respect to K the condi-
tions put on W in the definition of sense-preserving at a point. In each set
Wi there is an open set Ui containing K such that f~1(¢)MNBdry Ui is empty.
A finite collection Uy, U, - + -, Ui of these sets covers L. Let U; be any one
of these, and let d;=deg( fl U;, q). Then d; is positive but finite. Suppose U;
contained more than d; components of f~1(q). Then Uj itself contains a set
of d;+1 disjoint open sets, Uj, Uj, - - -, Uj;, where I=d;+1, such that
(1) for each ¢, 1=4<, deg(fl Uji, @) is positive; (2) LNUj is contained in
Ui., Uji; and (3) for each 4, 1 <4<, the set LNBdry Uj; is empty. The results
on degree previously referred to imply that

deg(f| U;,q) = 2 deg(f| Uys, g).

$=1
But this implies that
deg(f| Uj, 9) > d;,

a contradiction. Hence U;ML is the union of at most d; components of f~1(g),
and so L has at most Zf. 1 d; components.

The presence of branch points may very well reduce the actual number of
components to less than » d;. Consider for instance, the map w=z? at the
origin.

We prove next a variation of Theorem 2 that is really a corollary.

THEOREM 3. Let f be in Q, let g be a point of N—f(Cy), and let D be an open
set in M with compact closure. Then only a finite number of components of f~*(q)
meet D.

Proof. The set L’ of all components of f~!(q) that meet D is closed. For
suppose that x is any point of L’; then x is in f~!(g). Let X be the component
of f~1(¢) that contains x, and let U be an open set with compact closure that
contains X but that has no point of f~*(¢) on its boundary. Then every com-
ponent of f~1(g) that meets U lies in U. Since UMNL’ is not empty, it follows
that UND is not empty. But if XND were empty, U could be chosen not to
meet D.

The set L' is also countably compact, and therefore compact. For suppose
that xi, %3, x3, - - - form an infinite set of points of L’ having no limit point.
For each j=1, 2,3, - - -, let L; be the component of f~!(q) that contains x;.
Now adjoin an ideal point w to M to compactify it. Then in M\ Uw, the se-
quence {x;} hasw for limit. It follows from [7, Theorem 2-10] that lim sup L;
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is a continuum containing w. Except for w, every point of lim sup L; is in
f~%(g). In a continuum each component of a (relatively) open set has a closure
that meets the boundary of the open set [7, Theorem 2-18]. Hence each com-
ponent of lim sup L;—w has w as a limit point, so is not compact in M. But
these components are components of f~(¢) and under our hypotheses, these
are all compact, a contradiction.

Now since L’ is compact, we can find an open set containing it satisfying
all the conditions on D in Theorem 2, and apply Theorem 2.

3. Light interior maps. The Stoilow-Whyburn Theorem [11, 5.1] states
that a light interior map on a 2-manifold is locally topologically equivalent
to an analytic function, and that if both the domain manifold and the image
manifold are orientable the light interior map is topologically equivalent to
an analytic function in the large. Thus if f: M—N is a light interior map from
one orientable 2-manifold into another, then f is locally sense-preserving and
has scattered point-inverses. That is, for each point x in N each point of
f~1(x) lies in an open set containing no other point of f~!(x). No such general
results are known in higher dimensions, and the difficulty of the problem
can be shown by the fact that if one could prove that for light interior trans-
formations on n-manifolds even one point-inverse must be countable, one
could give another proof of Hilbert’s Fifth Problem. We can now give a few
results bearing on this problem.

THEOREM 4. If f is in Q and U is an open subset of M —C; on which f is
light, then f| U has scattered inverses in U.

Proof. In Theorem 3, the only reason for the requirement that ¢ be a point
of N—f(Cy) is to make sure in the proof that no component of f~!(g) inter-
sects both D and Cy. If D is an open set such that D is a compact subset of
U, then certainly no component of f~1(g) that meets D also meets C;, so that
we can infer that f~!(¢)N\D is a finite set, and the theorem readily follows.

COROLLARY. If f is a locally sense-preserving map of an orientable n-manifold
into another one, and f is light, then 1t is interior and has scattered point-inverses.

This result shows that there are only two ways a light interior map f
from an orientable n-manifold M to an orientable z#-manifold N can fail to
have scattered point-inverses. One way is for the map to be sense-reversing
at some points and sense-preserving at others. The other is that there be an
open subset W of M such that for every open subset U of W and for each
point x in N—f(Bdry U), deg(f| U, x) =0.

4, The local homeomorphism and locally monotone properties. We now
turn to a result suggested by the properties of differentiable maps in Q whose
Jacobians vanish in C;. We prove first a preliminary result.

THEOREM 5. Let U be an open set with compact closure in an n-manifold M.
Let f: U—N be a map of U into an n-manifold N, f being continuous on U and
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locally sense-preserving on U. Let g be a point of N such that deg(f, ¢) =k, k=0.
Then there is a neighborhood V of q such that for every point x in V, the set f~*(x)
has no more than k components.

Proof. Let the set V be the component of f(U) —f(Bdry U) that contains
g.- Then for each point y in V, deg(f, y) =k. Suppose that there is a point x
in V such that f~!(x) has more than k components. It follows easily from
Theorem 3 and the compactness of f~!(x) that f~!(x) has only a finite number
of components, K, - - -, K;, I>k. For each integer ¢, 1=1, 2, - -, [, there
is an open set V; containing K, such that f~1(x) \Bdry V; is empty, and such
that deg(f | Vi, x) >0, since f is locally sense-preserving. We may assume that
the sets Vi, Vy, + - -, V; are all disjoint. Then deg(J, x)=deg(f|U,~ Vi, x)
=1>k, a contradiction.

THEOREM 6. Let f: M—N be in Q. Let U be an open set in M that is the union
of compact components of sets f~2(q), ¢ in N. Then U contains an open set U*
such that (1) if x is a point of U that is not a limit point of U*, then x is in the
interior of some component of a point-inverse; and (2) U* is itself the union of
open sets V that also are unions of components of point-inverses and that are such
that f| V is monotone.

Proof. By Theorem 1, f I U is locally sense-preserving everywhere in U.
We also know that given an open subset W of U with compact closure, con-
tinuity of f implies that the union of all sets in W that are components of
point-inverses is open in M. Hence if a component of a point-inverse lies in
U, it has arbitrarily close neighborhoods that satisfy all the conditions on U
in the hypotheses of the theorem. It follows then that if we can show that a
set U satisfying the hypotheses of the theorem contains any open set V that
is a union of point-inverses and that is such that f| V is monotone, our proof
is completed. It also follows that we can assume that U is so small that for
one component K of some point-inverse f~1(g) it is in the set W of the defini-
tion of sense-preserving at K. With this assumption, deg(f l U, q) is a positive
integer k.

Suppose now that U contains no open set V satisfying the requirements of
the conclusion of the theorem. By Theorem 35 there is an open set D in N con-
taining ¢ such that for each point x in D, the set f~*(x)/\ U has no more than
k components. We will contradict this. Let V; be any open set in f~*(D)N\U
that is the union of components of point-inverses. Since f | V1is not monotone,
there is some point x; in D such that two components Ky, K of f~!(x) lie
in Vy. Let Wy, Wy, be disjoint open sets in V; such that (1=1, 2) Wy, contains
K,; and such that each is the union of components of point-inverses. Let Va;
denote f~![f(Wa) \f(Wa) N\ Wi, i=1, 2. Since f is quasi-interior and each
component of a point-inverse in U is compact, it follows that f(Wa) and
f(Wae) are both open in N, and hence that V3 and V3 are both open in M;
each is a union of components of point-inverses, By our denial of the theorem,
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there is some point %3 in f(Wa1)Mf(W3) that has two components Kg, Ks; in
Va. Since x. is in f(Wa), f~!(x;) certainly has a component Kj; in Ve, but
conceivably only one. However, we now know that x, is a point whose inverse
has at least three components in common with f~1(D)NU. It should be clear
how to proceed to get 4, 5, - - - , k+1 components of some point-inverses in
f~UD)NU, and thus find our contradiction.

COROLLARY 6(a). If f: M—N is a light locally sense-preserving map of a
compact orientable n-manifold M into an orientable n-manifold N, and deg f
=k#0, then the set of all points in N whose point-inverses consist of exactly
|k| points is dense in N.

We leave the proof to the reader.

This particular corollary is a special case of a long outstanding conjecture
on degree, that the corollary is true without the requirement that f be locally
sense-preserving. We know of no other such special case.

It is rather easy to get a map ¢: M—S from a compact manifold onto a
metric space such that there is a uniform bound on the number of points in
a point-inverse ¢~1(x), but which is not one-to-one on any open set. We know
of no such example, however, where the space S is a manifold of the same
dimension as M.

CoROLLARY 6(b). If f is in @, and is light, then there is a dense open set in M
on which f is a local homeomorphism.

Thus the light maps in @ share this property with light interior maps on
2-manifolds. Church and Hemmingsen [4] have recently studied this and
related topics in higher dimensions.

5. An application to generalized manifolds. No one appears to have
settled the question of exactly what class of generalized manifold, in the sense
of Wilder [12], has a satisfactory degree and local degree theory. (A student
of one of us is now considering the question for his Master’s thesis.) Modulo
this theory, however, our results give some information about certain general-
ized manifolds. Two-dimensional generalized manifolds are manifolds, but
for n =3, a generalized manifold need not be a manifold. As an example, due
essentially to Wilder, consider a monotone transformation g: S*—A4 of the
3-sphere onto a compact metric space 4 such that for a dense set {x,.} of
points of 4, f~(x,) is a wildly imbedded arc and such that for all other points
¥, f~1(y) is a point. By a theorem of Wilder’s [13], 4 is a generalized manifold,
but it is nowhere locally Euclidean. There are a few special results for mono-
tone transformations that imply the image is a manifold. For example, if
f: E¥—>A is a monotone map into the metric space 4 and each point-inverse
is a point or a vertical straight-line interval, then A4 is E* [3]. The following
theorem is the only one we know that is not of such a special nature that
implies that any part of a generalized manifold is locally Euclidean. Actually,
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the hypotheses of this theorem may imply, for all we know, that the general-
ized manifold of its conclusion is locally Euclidean.

THEOREM 7. Let I be a class of generalized m-manifolds containing the
classical n-manifolds, for which there is a theory of degree of mappings satisfying
the principal results of degree theory. Let f: M—N be a light, locally sense-
preserving map of an n-manifold M into a generalized manifold N in 9. Then
N contains a dense open set that is locally Euclidean.

Proof. By the “principal results of degree theory” we mean those theorems
required to make our previous results valid. Hence, we can use Theorem 1 to
show that f is interior, and can use Theorem 6 to show that there is a dense
open set in IV that is itself the union of open sets V on which f is monotone.
In our case, the map f is then one-to-one, interior and continuous on V, hence
a homeomorphism.

A principal difficulty in strengthening the conclusion is that we do not
know whether, under a light locally sense-preserving map of E3?, it is possible
for some point-inverse to be an Antoine set.

6. The Schwarz Reflection Principle. One formulation of the Schwarz
Reflection Principle is the following [6, p. 184].

THEOREM 8. Let D be a simply connected plane domain, and let A be a
rectifiable arc spanning D, and so separating D into two open sets, Dy and D,.
Let f: D—E? be continuous on D and be analytic on each of Dy and D,. Then f
is analytic everywhere in D,

W. Rudin has kindly shown us an unpublished example of his, proving
that the above result is false if 4 is not required to be rectifiable. In Rudin’s
example, 4 is an arc every subarc of which has positive 2-dimensional measure
and f is a space-filling curve on every subarc of 4. It follows that f cannot
even be light interior in D, since a light interior map is topologically analytic.

Our Theorem 1 is closely related to such results. We can prove the follow-
ing.

THEOREM 9. Let C be a closed subset of an orientable n-manifold M, C being
nowhere dense in M. Let f: M—N, N an orientable n-manifold, be light and
locally sense-preserving on M —C, and be continuous on M. Suppose that f(C)
contains no open set. Then a necessary and sufficient condition that f be interior,
light, and locally sense-preserving on M is that f be light on C.

Proof. Clearly fis in Q, so that by Theorem 1, it is quasi-open and locally
sense-preserving on M. Since it is light, it is interior on M.

Theorem B of the introduction is an obvious corollary. Theorem 9 is new
even in the plane, and raises a question about Theorem 8. Can the require-
ment that 4 be rectifiable be replaced by the weaker requirement that f(4)
contain no open set? It follows immediately from Theorem 9 that f is light
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and interior over all D; hence except at an isolated set of points f is a local
homeomorphism. If Theorem 8 were true without the requirement that 4 be
rectifiable, but with the additional hypothesis that f be a homeomorphism,
we could then conclude that except at branch points of f on 4, f would be
analytic. Since these branch points would be removable discontinuities, f
would be analytic there. We have been able to extend Theorem 8, however,
only by weakening some and strengthening others of the hypotheses.

7. Cauchy’s problem. Cauchy’s problem in the theory of partial differen-
tial equations is this: Let «, v be two real functions defined on the boundary of
some domain D in E*, and let L(U) =0 be a homogeneous second-order equa-
tion defined in D. Find a particular solution U* of the equation that agrees
with » on Bdry D and has a normal derivative on Bdry D that agrees with v.
For elliptic equations, it is not always possible to solve Cauchy’s problem even
if D, u, and v are well behaved and are near functions u,, vo for which the
problem has a solution. For elliptic equations, also, the solutions need not be
continuous in the boundary data. For the case where D is the upper half
plane and L is the Laplacian, Hadamard [5, p. 32] has given an example of
sequences of functions {u.(x)}, {v.(x)} defined on the x-axis such that
lim #,=u,, lim v,=v,, such that for each integer j (=0, 1, 2, - - . ), the
Cauchy’s problem with data #;, v; has a solution Uj, but such that lim, ., U,
# U.

Our results cast some light on this situation and show that there are good
topological reasons for these phenomena wholly apart from any analytical
considerations.

A second-order homogeneous linear elliptic equation in a plane domain D
can be transformed to a system of two linear first-order equations of elliptic
type, Li(U(z), V(2)) =0, Ly(U(z), V(z))=0, z=x+1y. A solution U,, V, to
this system gives a map f: D—E? defined by f(z) = Us(2) +1Vo(2), and f is
either constant or light and interior in D [2]. Cauchy’s problem is translated
into one of, given functions %, v, on Bdry D, finding functions Uy, V,in D
such that on Bdry D, Uy=u,, Vo=v,. Our results above imply that the mere
fact that the solutions are light and interior is enough to cause difficulty. We
give two results, among many possible, that show the difficulties that arise.

THEOREM 10. Let D be the upper half-plane Im 2>0 in E% Let G be a set of
functions f: D—E? that are such that (1) if f1 and f, are functions in G, then the
function f defined by f(z) =fi(z) —fa(2) is light and interior in D (or constant)
and continuous on D, and (2) f(2) is real for z real. For each function f in G,
let u; be the function on the real axis defined by us(x) =f(x+0-1). Then if f and
garein G,and [a, b] is an interval of the real axis, the set of points x in [a, b]
such that u;(x) =uy(x) has only a finite number of components.

Proof. Suppose that for some two functions f and g in G and some interval
[a, b] the theorem is false. Let ¢ denote the function f—g. Then ¢ vanishes in
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[, 8] on a set having infinitely many components. The function ¢ cannot be
constant; thus ¢ is topologically equivalent in D (though not necessarily in
D) to an analytic function and ¢ is either locally sense-preserving everywhere
in D or is locally sense-reversing everywhere in D. Suppose the former. Follow-
ing the classical Schwarz principle, define ¢*: E2—E? by setting ¢*(2) =¢(2)
if Im 2>0, ¢*(2) =¢(2) if Im 2<0. Then ¢* is in Q. But ¢* is constant on a
bounded set with infinitely many components, which contradicts Theorem 2.

For a linear homogeneous elliptic system, the set of all solutions over the
domain of the system forms a vector space. Thus Theorem 8 shows that if we
have a solution to such a system in the upper half-plane, and the solution
is real on the real axis, the very slightest perturbation of the function on the
real axis can give boundary conditions for which Theorem 10 shows there can
be no solution of the system, even though the changed conditions may be
topologically suitable in the sense that there is a light interior map satisfying
these conditions.

THEOREM 11. Let D be the upper half-plane Im z>0 in E2 For each integer
7, j=0,1,2,- -, let f;: D—E? be a function that is continuous on D, light and
interior in D, and real on Im 2=0, and that also is not constant on any ray
in the real axis. Suppose that { fj} converges to fo, uniformly on compact subsets
of D. Then for each interval [a, b] of the real axis there is an integer k such that
for each integer =0, 1,2, - - -, there is a decomposition of [a, b] into k or less
intervals on each of which f,~| [a, 8] is increasing or is decreasing.

Proof. Again using the Schwarz method, we can extend each map f; to a
map g;: E2—E?-(j=0, 1, 2, - - - ) such that g; is in Q and such that the
sequence gj} converges to go uniformly on compact subsets. The com-
ponents of each set g;!(w) consist of points or of closed intervals of the real
axis. From this, and from the theorem of Moore [10, 2.3] that an upper-
semicontinuous collection of continua none of which separates the plane
defines a monotone transformation of the plane onto itself, it follows that
(j=0,1,2, - - - ) the map g; has a factorization g;=1;-m;, where m;is a closed,
monotone map of the plane onto itself sending the real axis onto the real
axis, and J; is interior and light, and maps the real axis into the real axis.

Let o’ =m;(a), and b’ =m;(b). Then m;([a, b])=[a’, ¥']. For each indi-
vidual map J; it is easy to show that there is an integer s; such that [a’, ¥']
can be decomposed into s; intervals on each of which J; is increasing or decreas-
ing. To see this, note that each point x of [a’, b’] has a neighborhood U. such
that lj| U. is topologically equivalent to w=2" on lzl <1, x corresponding to
2=0. If x is not a branch point, then there is an open interval I, of the real
axis that lies in U, and contains x, and on which /; is increasing or is decreas-
ing. If x is a branch point, x lies in an open interval I, of the real axis that lies
in U, and which is the union of two subintervals joined at x on each of which
I, is increasing or is decreasing. (Possibly it is increasing on both or decreasing
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on both.) A finite number, #, of intervals I, covers [a’, b’]. Then [a’, '] is
the union of not more than #+1 intervals I, I, - - -, I;, on each of which
l; is increasing or is decreasing. Each set m~1(1,), s=1, - - -, r;,is an interval,
and on that interval the map J;-m; is increasing or is decreasing. Since m; may
have intervals of constancy, we cannot say that f; is strictly increasing or
decreasing on m~1(1,).

The difficulty of the proof, then, is to show that the set of numbers {r,}
can be chosen to be bounded. To avoid making the argument verbally com-
plicated, we will write as though all the functions {g;} were light. Otherwise
we will be repeatedly forced to make statements to cover cases of point-
inverses being intervals, or forced to go through a proof of the relatively
obvious fact that the factors m;, /; can be chosen so that m;—m,, l;—l, uni-
formly on compact sets.

As before, each point x on [a, b] has a bounded neighborhood U, on which
gol U, is equivalent to w=z" on |z| <1 for some integer n>0, with x being
equivalent to 0. Then deg(gol U., go(x)) =n. Since U, is compact, there is an
integer J such that if j>J, and y is in U,, then

d(gi(y), 8(9) < (1/2)d[go(Bdry U.), go(%)] = (1/2)A.

It follows that for j>J,, the natural homotopy between gj| U.and go| U, de-
fined by k;(y, t) =tge(y) +(1—1)g;(y) has the property that k;[(Bdry U,) XI]
does not contain go(x). From this, we infer that deg(gjl U., go(x))
=deg(go| U., go(x)) =n. We can also conclude from the particular way & de-
pends on j that the spherical neighborhood of go(x) of radius (1/2)A contains
no point of &;[(Bdry U,) XI] for any j>J.. Let W be the spherical neighbor-
hood of go(x) of radius (1/8)A, and let V, be the union of the sets g7 (W) for
all j> J,. It is easily seen that for each > J, g;(V:) contains go(x) but con-
tains no point of k& [(Bdry U.) XI] for any k> J,. Then V, has the property
that for each y in 1V, deg(gjl U., g;(y)) == for each j> J.. But then there are
at most #—1 branch points of g; in V,. Let N, denote the number n—1. We
can now say that in V, there is an open interval I, of the real axis that con-
tains x and that, for all j> J,, contains no more than N, branch points of g;.

A finite set, I, - - -, I, of the intervals {I,} covers [a, b]. Let Jy, - - -,
Je, Ny, ---, N, be the corresponding numbers J,, N,. Then for
j>max(Jy, - - -, J), the interval [a, ] contains no more than N=N,+ - - -

+ N, branch points of g;. The argument of the second paragraph of this proof
shows that for > J the interval [a, b] can be broken up into N+1 intervals
on each of which g;| [a, b] is increasing or is decreasing. There are only a
finite number of functions {g;} not covered by this uniform bound N+1. For
each of these the interval [a, b] can be suitably decomposed, by our second
paragraph, and it is clear that our theorem is proved.

The example of Hadamard referred to above has the property that in any
interval [—a, a] of the real axis, the number of times that #,(x) is zero in that
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interval increases indefinitely with #. In his case u,(x)—0, v,(x) =0, so that
the function fo(x) in our Theorem 11 would be the constant zero function.
Thus his example does not quite fall under our theorem, but it should be clear
that lack of convergence of his solutions is caused by the situation of Theorem
11. We do not know, and are inclined against it, whether there is value now
in a more thorough topological study of these questions than is given in this
section. One can easily find sequences of functions {u,(x)} converging on the
real axis to, say, #o(x) =x such that each value y is taken on no more than
three times by any #,(x) and such that, by Theorem 9, the solution f, to the
Laplace equation with boundary conditions (u,, 0) does not converge to z.
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